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Introduction

This volume is a result of discussions first launched by two papers published in the 
French journal, Revue d’Histoire des Mathématiques, by Bruno Belhoste (1998) 
and myself (Schubring 2001). Belhoste had published a strong plea for a reassess-
ment of the role of teaching in the history of mathematics. He criticised the absti-
nence of historians of mathematics in addressing this issue and researching the 
social and intellectual space in which the production of mathematics occurs. As he 
remarked, this abstinence is all the more astonishing since such approaches are even 
“banal” meanwhile in the historiography of science. He thought it necessary to 
affirm that there exists no completely autonomous sphere of theoretical production 
(Belhoste 1998, p. 289).

Regarding what he called the socialisation of mathematical knowledge within 
communities of specialists and communities of users, teaching was understood by 
Belhoste as a special modality of the socialisation of knowledge in which the recipi-
ent finds himself in the situation of learning. As he emphasised, teaching thus con-
stitutes an essential component of normal science, in the sense of Thomas Kuhn. To 
achieve progress in this role of teaching, Belhoste proposed three major research 
directions. The first, where some research had been done already, should be on 
institutional history: the role of teaching in the organisation of the disciplinary field 
and the professionalisation of the mathematical community; here, he alluded to the 
evidence of “un monde des professeurs”. A second direction should be the represen-
tations realised in teaching activities, which contribute to structuring the disciplin-
ary field; one case here would be the variations in delimiting “elementary” and 
“higher” mathematics and, another, the changing notions of rigour in mathematics. 
The third research direction presented probably the most challenging issue: the 
impact of teaching activities upon the development and diffusion of mathematical 
practices (ibid. and passim).

Belhoste had thus aptly systematised aspects of research into the interactions 
between teaching and development of mathematics. The chapters in this volume 
present research within this now unfolding field.

In my reaction to Belhoste’s paper, I highly welcomed his approach and the 
research programme. I underlined his criticism of “l’idée fausse que la production 

gert.schubring@uni-bielefeld.de



vi

mathématique peut être séparée a priori par l’historien des conditions de sa repro-
duction” (Belhoste 1998, p. 298).1 Moreover, I proposed to deepen his methodologi-
cal approach. For the third research field, he had made a strong claim:

les institutions et représentations structurant le champ disciplinaire déterminent en effet des 
pratiques, c’est-à-dire des modes de travail, qui modèlent l’activité mathématique. (ibid.; 
my emphasis)2

Although constituting a strong claim, the examples given for it—for instance, of 
elliptic functions, which rather reveal differences of personal style—would not con-
vince an “internalist”, who would be ready to admit a certain influence but not a 
“determination”. I suggested that one needs a more elaborated methodological 
approach: the basic terms used, “production” and “reproduction”, express already a 
separation between the two aspects; and, inevitably, such categories imply a hierar-
chy between invention and transmission, where production is attributed to the pri-
mary status and teaching a derived status. As such, one would not be enabled to 
conceive of contributions of teaching to research. The essential challenge for the 
historiography of mathematics is, hence, to understand mathematical invention in 
all its complexity (Schubring 2001, p. 297).

In that note, I outlined a conception for an interdisciplinary approach to account 
for this complexity, based on Niklas Luhmann’s sociological systems theory of sci-
ence. Thus, communication constitutes the basic activity of science. For primary 
communication to succeed, a common language and shared culture are necessary. 
From the emergence of modern states and especially since the establishment of the 
first systems of public education, national states have constituted the primary units 
of communication. Within such systems, due to socialising educational processes, 
young people begin to share a certain number of significations and cultural and 
social values and extend to shared epistemologies of science. Over extended peri-
ods, religious values constituted the basis for such shared sociocultural values. 
Piaget and Garcia have clearly elaborated the indissoluble connection between the 
epistemology of a scientific discipline and its sociocultural embedding:

In our view, at each moment in history and in each society, there exists a dominant epis-
temic framework, a product of social paradigms, which in turn becomes the source of new 
epistemic paradigms. Once a given epistemic framework is constituted, it becomes impos-
sible to dissociate the contribution of the social component from the one that is intrinsic to 
the cognitive system. That is, once it is constituted, the epistemic framework begins to act 
as an ideology which conditions the further development of science. (Piaget/Garcia 1989, 
p. 255)

The second key pattern of systems theory consists in conceiving of a society or a 
state as a system constituted by a plurality of subsystems that interact with each 
other in manners determined by their functions, which the subsystems exert in 
relation to the other subsystems or the system itself. To analyse mathematical 

1 The wrong idea that mathematical production can be separated a priori by the historian from the 
conditions of its reproduction.
2 The institutions and representations structuring the disciplinary field in fact determine practices 
that is to say modes of work, which shape mathematical activity.
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production, it is therefore necessary to investigate the functions that mathematics 
exerts in relation to other subsystems in a given period, culture and state (Schubring 
2001, p.  302). Clearly, the educational system and, in particular, the systems of 
secondary schooling and higher education exert key roles. Even academies and 
research institutes are not autonomous systems, but subsystems related to the pro-
fessionalisation of scientists.

Actually, I undertook extended research on conceptual developments in mathe-
matics within this framework on the number conceptions underlying the develop-
ment of analysis in different mathematical communities in Europe, mainly in France 
and Germany (Schubring 2005).

I was glad for an invitation since it gave welcome occasion to discuss this meth-
odological conception with colleagues sharing this interest. The Association for the 
Philosophy of Mathematical Practices (APMP) is well known for its promotion of 
methodological reflections on mathematics. The APMP invited me to organise a 
workshop within its fourth meeting, from 23 to 27 October 2017, in Salvador/Bahia 
(Brazil)—a workshop exactly on the relations of mathematics teaching to mathe-
matical practices. Clearly, my first invitation to participate in this workshop went to 
Bruno Belhoste. Unfortunately, he did not accept, telling me that he had changed 
entirely his scientific interests and was no longer active in this area. Even so, we had 
a meeting with fruitful discussions. The present volume contains contributions 
made at the workshop, revised and considerably extended, and contributions by 
researchers who for various reasons were not able to come to the APMP meeting.

The first chapter by Christine Proust relates her research on the mathematical 
practices of the scribes in the Old Babylonian culture. In earlier studies, she had 
already investigated how the masters perfected and developed the practices of arith-
metic and geometry already established while teaching apprentices (see Proust 
2014).3 In this chapter, her focus is on how the fundamental knowledge learned by 
the later masters during their education impacted upon their mathematical produc-
tion. Her sources for this investigation are quite unique and revealing as well: clay 
tablets of cuneiform school exercises, preserved by being reused in house 
constructions.

The mathematical curriculum of the scribal schools has been reconstructed and 
identified as organised in three levels, elementary, intermediate and advanced. 
Analysing the basic operations and techniques at the elementary level, she shows 
that the apprentices had to solve problems by relating numerical values of metro-
logical units to their corresponding numbers in sexagesimal place value notation. 
The basic means for this were multiplication tables and tables of reciprocals. 
Exploring the duality between these two representations, the detailed reconstruction 
of mathematical techniques provided at the intermediary and advanced levels 
allowed going beyond the “linear” problems of the elementary level and the devel-
opment of methods to tackle problems with plane figures and with solids.

3 An emblematic result should be quoted here: “Developments in mathematics are the result of both 
the activity of teaching and interaction within a community of scholars” (Proust 2014, p. 92).

Introduction

gert.schubring@uni-bielefeld.de



viii

In the second chapter, Jens Høyrup investigates discourses for legitimating a 
mathematical procedure. To better reveal their characteristics, the first areas to be 
evaluated are the decidedly different cultures of the mediaeval Italian abbacus cul-
ture and the Old Babylonian culture. Explanations for the practices analysed might 
not be based on preceding arguments but on what the learner might accept as evi-
dent; he calls this the “locally obvious”. The question then turns out to be when 
critique begins and such evidences are challenged.4 An example from Old Babylonian 
mathematics provides a first instance of demonstration through critique. For the 
emergence of demonstration from critique, Høyrup studies the practice of the seven 
liberal arts and sees in the discovery of irrationality a decisive pivotal point—the 
elaboration of elements, from Hippocrates on, documents the growing tendency 
towards axiomatisation of geometry as a manner for answering critique and refuting 
it. He shows how axiomatisation became completed as deductivity and exemplifies 
this by showing how Euclid’s propositions 1 to 10 of Book II can be understood as 
a critique of the Old Babylonian cut-and-paste practices. The later practice of com-
mentaries is presented as turning axiomatisation into an ideology.

In the third chapter, Jorge Molina studies a key dimension for the development 
of mathematical practices, the cultural and epistemic values attributed to mathemat-
ics by the dominant religion in a society. Given that the Catholic faith constituted a 
basic cultural foundation in great parts of Europe, particularly in countries of the 
Roman languages, it is highly pertinent to assess the determination of the role of 
mathematics within the churches’ appreciation of science. As it turns out, there is no 
uniform position, but, instead, rather different ones. Basically, two different episte-
mological strands were influencing the positions: Aristotelicism and Cartesianism. 
It was the Jesuits, educating the great majority of the Catholic youth with their 
enormous number of colleges in these countries, who based their conceptions on 
their reception of Aristoteles; there, mathematics exerted a marginal role. At the 
Sorbonne in Paris during the sixteenth century, Aristotle was the unquestionable 
authority not only in philosophy but also in physics—and Loyola studied there (see 
Torretti 1999, p. 2). A minority in France was the Order of the Oratorians, which not 
only adopted Cartesianism but was also decisive in the reform of the Académie des 
Sciences in 1699 which established the organisation as disciplinary classes, in par-
ticular the classe des mathématiques and the research task for its members (Shank 
2004, p. 286). And there was the intra-Catholic reform movement of Jansenism, 
theologically based on Augustine, attributing a key role in achieving faith to math-
ematics. It was these minority strands that, eventually, together with Cartesianism, 
prepared the way for rationalism in the Enlightenment movement and the new social 
function of mathematics.

In Chap. 4, Jemma Lorenat (Claremont, Cal./USA) presents the results of an 
extensive and novel analysis of French geometry textbooks published in the period 
after the revolutionary years until the middle of the 1830s, a period of centralisation 

4 It is revealing that Dardi’s numerical “proof” for “minus times minus makes plus”, by arguing on 
8 by 8 as 10 – 2 by 10 – 2 was taken up by Cardano in his Regula Aliza to “prove” that “minus times 
minus makes minus”—provoking thus later critique (Schubring 2005, p. 44).
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of education and of political conservatism from 1814. Despite this, the period was 
very rich in new developments in geometry. While geometry had basically stagnated 
during the eighteenth century, an enormous productivity set in, launching new 
branches of geometry: geometry of position, geometry of situation, descriptive 
geometry, etc. Lorenat’s focus is how and in which manner these new mathematical 
developments entered the textbooks and thus enabled their dissemination and fur-
ther deepened research. In particular, the analysis focuses on pedagogical values, 
which shaped how new research results were integrated into geometry textbooks. 
Especially noteworthy is Charles Dupin’s 1813 claim that scientific progress proves 
to become fruitful only “when it also leads to the progress of elementary treatises”, 
thereby becoming “general knowledge” (Lorenat, this volume). Other authors, such 
as Claude Bergery, joined Dupin in emphasising the importance of presenting new 
results for practitioners. On the other hand, many of the textbooks were destined for 
students of the École polytechnique, which had then fixed prescribed study courses 
and was hence not receptive to include many of the new geometry topics into its 
curriculum.

The chapter evidences in an impressive manner the amount of novel notions in 
the various geometries being exposed quite rapidly in textbooks. Yet, there were 
apparently institutional pressures which made some authors return to earlier edi-
tions without these innovations. Lorenat refers to institutional restrictions and limi-
tations of the mathematical background of the students. In fact, since 1814, 
mathematics teaching had become severely reduced in the general curriculum of the 
colleges. There is a section on the reception of geometry textbooks, mainly by peer 
reviews in journals.

Gert Schubring develops more systematically, in Chap. 5, the arguments sketched 
out in his comments on the paper by Belhoste. Remarkably, and in contrast to the 
ambiguous situation of integrating research into geometry textbooks in France, he 
presents two cases where German Gymnasium teachers presented decisive mathe-
matical innovations in schoolbooks when these developments were not yet even 
fully elaborated—set theory—or still meeting rejections or reservations by mathe-
maticians and philosophers—non-Euclidean geometry. The notion of “element”, so 
emblematic for the exposition of mathematical knowledge, is analysed together 
with the conception of elementarising knowledge—an approach owed to the 
Enlightenment and its seminal project to make scientific knowledge generally 
accessible. There is evidence that, within this project, textbook authors were cred-
ited as contributing even to the progress of science. It might be thought that teaching 
mathematics within higher education—the first research direction proposed by 
Belhoste—necessarily and trivially impacts upon developing mathematical research; 
yet, such teaching might be just for general education, as it had been for over centu-
ries, or for service courses for the formation of engineers. Thus, the cases showing 
that it is the function of teacher training that impacts upon the emergence of research 
in pure mathematics present precious specification of the functions of teaching, 
though cautionary remarks are important in that teaching might also exert a dogma-
tising effect on mathematical practices.

Introduction
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Tinne Hoff Kjeldsen presents, in Chap. 6, two case studies for her approach to 
investigating the interrelations between developments in mathematics and the con-
ditions for these developments, addressing various concrete contexts beyond teach-
ing, scientific as well as non-scientific. For these studies, she applies her methodology 
of “multiple perspective approach” developed by her for historical studies on math-
ematics. The two case studies focus on quite recent issues of applied mathematics, 
one on the impact of World War II on the development of mathematical program-
ming and the other on attempts to develop theoretical biology by applying mathe-
matics. Starting from a theorem in the mathematical theory of linear programming, 
she analyses the revealing interactions between the actors developing these theo-
rems and the theory, especially of game theory, with various US instances and agen-
cies for applying them in WWII and post-war contexts. The initiatives for establishing 
a theoretical biology reveal characteristic resistances of the biological community 
against applying mathematical modelling; here, too, the main context is institutions 
and agencies in the USA.  Within her multiple perspective approach, the author 
shows the genuine importance of teaching and the introduction of study courses for 
establishing (sub-)disciplines and a related body of knowledge.

In the last chapter, Carlos Tomei comments as a working mathematician on the 
discussed issues of interfaces. He emphasises the need for interdisciplinary investi-
gations to attain significant insights into these interactions. He exemplifies this 
importance through two cases: the effect of ideology and religion on teaching and 
the mutual influence of practices of different subjects and their impact upon society. 
He indicates various intriguing episodes from the history of mathematics, which 
deserve to be freshly investigated under such broader conceptual approaches.

Together, the chapters of this volume give evidence for the promising perspec-
tives opened by this approach for interrelating two such decisive dimensions of 
mathematical practices—teaching and research—in interdisciplinary investiga-
tions. At the same time, they show possible avenues of future research made acces-
sible by the contributions in this volume to achieve further insights into this hereby 
unfolded new framework.

 Gert Schubring
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Chapter 1
Foundations of Mathematics  
Buried in School Garbage  
(Southern Mesopotamia, Early  
Second Millennium BCE)

Christine Proust

Abstract In this chapter, I suggest an analysis of mathematical texts by relying on 
notions, concepts, and tools that were instilled during their early education in schol-
ars who were active in Southern Mesopotamia during the Old Babylonian period 
(early second millennium BCE). The sources considered are mathematical texts from 
scribal schools that flourished in the Ancient Land of Sumer. I propose to examine 
the content of the garbage from these schools to access the “internal meanings” of 
advanced mathematical texts. First, I outline some characteristics of the mathematics 
taught in elementary education, drawing mainly from sources found in Nippur. Then, 
I discuss two mathematical texts in detail and show how they can be interpreted using 
the tools that were taught to (or invented by) their authors or users. The first example 
(CBS 1215) deals with the extraction of reciprocals by factorization; the second 
(CBS 12648) deals with volume problems using coefficients. The conclusion under-
lines the mathematical work that some ancient erudite scribes accomplished in order 
to emancipate them from the world of elementary education.

Keywords Coefficient · Cuneiform mathematics · Curriculum · Factorization · 
Reciprocal · Scribal schools · Sexagesimal place-value notation · Volume

1  Basic Knowledge, Fundamental Knowledge

In this chapter, I suggest a way of addressing some scholarly mathematical texts by 
relying on notions, concepts, and tools that were instilled in the ancient scribes dur-
ing their early education. This approach could be termed as “emicist,” in the sense 
of “approach to societies or social groups through ‘internal’ meanings,” given to this 
term by Olivier de Sardan (2015, p. 65). As far as ancient mathematics is concerned, 
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such a search for “internal meaning” has been brilliantly undertaken by Jens Høyrup, 
who developed a method of “close reading” of mathematical cuneiform texts and 
revealed the geometrical dimension of apparently algebraic procedures (Høyrup 
2002 and Chap. 2, this volume). In this chapter, I argue that another point of access 
to “internal meanings” would be to consider the mathematical education of the 
ancient authors themselves. How the fundamental notions that scholars acquired in 
their early education impact their mathematical production? There is generally no 
hope of answering this kind of question due to the scarcity of sources and informa-
tion on the ancient contexts of education. However, cuneiform sources offer a 
unique opportunity to lift the veil: thousands of school exercises, mainly from the 
city of Nippur, a cultural center situated at the Northern limit of the Ancient Land of 
Sumer, have come down to us. In general, school drafts were not intended to be 
preserved or archived, and they were usually destroyed, which explains their rarity. 
This is also true of the scribal schools which were active during the Old Babylonian 
period (early second millennium BCE) in the ancient Near East. However, a particu-
lar property of the writing support leads to the unexpected conservation of the 
school garbage. Once dry, tablets are almost indestructible objects and were often 
recycled as building materials. Part of the scribal schools’ huge production was 
incorporated in foundations of houses, walls, floors, or fillings, and these recycling 
practices contributed to protecting the modest school writings against destruction. I 
propose to examine the content of this school garbage to access the “internal mean-
ings” of advanced mathematical texts. In the following, I show how whole facets of 
the mathematical world in which the young scholars were immersed during their 
elementary education can be reconstructed through school texts. I argue that a mod-
ern historian can benefit from a familiarity with the basics of mathematics taught to 
scholars in their youth in order to penetrate the meaning of some mathematical 
texts.

The elementary curriculum, notably that of Nippur, is well known, and in the first 
part (Sect. 2), I only summarize the main results of previous studies.1 My aim in this 
section is to outline some characteristics of the mathematics taught in elementary 
education, drawing mainly from sources found in Nippur, and to provide the reader 
with some basic texts, which allow an understanding of the subsequent sections. 
Then, I discuss some mathematical texts in detail in order to analyze how they can 
be interpreted using the tools that were taught to (or invented by) the authors or 
users of these texts. The first example deals with the extraction of reciprocals as 
detailed on tablet CBS 1215 (Sect. 3); the second is a third degree problem dealing 
with volumes as detailed on tablet CBS 12648 (Sect. 4). Both tablets are dated to the 
Old Babylonian period and come from the same region, the Ancient Land of Sumer 
in Southern Mesopotamia (the lower valley of the Tigris and Euphrates). Whatever 
the uncertainties about their provenience, it is quite clear that these texts, and others 
that are mentioned in this chapter, were produced in the context of scribal schools 
by authors immersed in a mathematical world similar to that developed in Nippur.

1 For example, Veldhuis (1997), Robson (2001), and Proust (2007).
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2  The Mathematical Curriculum in Nippur Schools

At the beginning of the second millennium BCE, scribal schools were particularly 
active in Nippur. This city has delivered abundant school archives to modern arche-
ologists. The thousands of school drafts found by American archeologists between 
1888 and 1990 provide a remarkably clear picture of teaching. Among the texts 
produced in the school context, Sumerian literary texts composed for educational 
purposes echo the content of the teaching, that is, the “scribal art” to use their own 
terms. For example, a literary composition called “Dialogue between two scribes” 
by its translators (Civil 1985; Vanstiphout 1997) summarizes the school program as 
follows2:

Having been at school for the required period,
I am now an expert in Sumerian, in the scribal art, in reading tablets, in calculation and in 
accounting.
I can even speak Sumerian.

This extract indicates what was learnt in schools: cuneiform script, writing, reading 
and speaking Sumerian,3 calculation, and accounting. Exercises written by the 
young scribes provide more detail on this content and on the order in which it was 
learnt. The curriculum in Nippur has recently been reconstructed, and it has been 
shown that schooling was organized in three levels, called by Veldhuis (1997) ele-
mentary, intermediate, and advanced. The mathematical curriculum in Nippur was 
in the same way organized in three levels (Proust 2007, Forthcoming-a). The ele-
mentary level consisted in learning metrological systems, multiplication and recip-
rocal tables, the sexagesimal place-value system (see explanation Sect. 2.1), and 
correspondences between measurement values and numbers in sexagesimal place- 
value notation. The intermediate level consisted in solving short problems dealing 
with the surfaces of squares, the calculation of reciprocals, and diverse linear situa-
tions. I do not enter into the detail of the curriculum, to which an abundant literature 
has already been devoted,4 but limit myself here to presenting a selection of some 
school texts of elementary, intermediate, and advanced level that illuminate the 
main characteristics of the mathematical world to which the scholars were exposed 
in their early years of education.

2 Below is the translation of lines 36–38 of the text “Dialogue between two scribes,” reconstructed 
after several duplicates from Nippur and some other Southern cities (my translation after Civil and 
Vanstiphout).
3 Sumerian is a dead language at this time, while the mother tongue of the young scribes attending 
the schools was Akkadian, a Semitic language.
4 See Veldhuis (1997), Robson (2001), Proust (2007) and bibliography provided by these 
publications.
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2.1  Elementary Level

The first of the mathematical entities introduced in elementary education were mea-
surement values. All the measurement values commonly used in mathematical and 
economic practices were enumerated in increasing order, in lists of capacity, weight, 
surface and length measurements, the so-called metrological lists. Then a set of 
numerical tables was introduced (reciprocals, multiplication tables, square, and 
square root) operating on numbers in sexagesimal place-value notation (hereafter 
SPVN). At the same time, a system of correspondence between measurement values 
and numbers in sexagesimal place-value notation was established through metro-
logical tables similar to that translated in Table 1.1.

Metrological and numerical tables provided the basic toolbox used in mathemat-
ics in scribal schools, and, for this reason, they are also indispensable for a modern 
reader to understand mathematical cuneiform texts. I give below the translations of 
the tables that will be useful for the following discussions.5 The order adopted below 
is not necessarily that of the curriculum.6

 Metrological Tables

The metrological tables of lengths establish a correspondence between length measure-
ments and numbers in SPVN. These tables were used for linear dimensions belonging 
to a horizontal plan, for example, for the sides of a field or the base of a canal. The 
metrological table of lengths translated below (Table 1.1) is of unknown provenience.7

The metrological tables of heights establish a correspondence between measure-
ments values of vertical lines and numbers in SPVN. These tables were used, for 
example, for the depth of a canal or the thickness of a brick in order to calculate 
their volume. Indeed, a volume unit is defined in the Old Babylonian metrology as 
a surface unit with a thickness of 1 kuš (ca. 50 cm), which corresponds to the  number 
1 in SPVN—see Appendix A. The metrological table of heights translated below 
(Table 1.2) comes from Nippur.8

5 The same metrological and numerical tables are attested in many duplicates from Nippur and 
other proveniences. The variations from one source to another being insignificant, any copy can be 
used indifferently. The sources that I present in this section come from Nippur if possible. However, 
in some cases, I use sources from other proveniences that are in better condition than those from 
Nippur. All the intermediate level sources used in part 2.2 come from Nippur. The tablet possibly 
reflecting the advanced level quoted in part 2.3 comes from another Southern city, possibly Larsa. 
All the sources quoted in this chapter are dated to the Old Babylonian period.
6 The order adopted in the curriculum, metrological tables of capacity, weight, surface, length and 
height, numerical tables of reciprocal, multiplication, and so on, is not the most intuitive for a 
modern reader. For an approach closer to the curriculum, see Proust (2007, Forthcoming-a).
7 Tablet MS 3869/11 belongs to the Schøyen Collection and is of unknown provenience, probably 
from Southern Mesopotamia. This tablet was published in (Friberg 2007, p. 119); photo available 
at https://cdli.ucla.edu/P252942
8 Tablet HS 243 is now kept at the University of Jena, and was published in (Hilprecht 1906, pl. 27; 
Proust 2008, n°31). The photo is available at https://cdli.ucla.edu/P388162
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Table 1.2 Metrological table of heights, HS 243, from Nippur

Translation (reconstruction)
Obverse Reverse

1 šu-si 2 2 kuš 2
2 šu-si 4 3 kuš 3
3 šu-si 6 4 kuš 4
4 šu-si 8 5 kuš 5
5 šu-si 10 1/2 ninda 6
6 šu-si 12 1/2 ninda 1 kuš 7
7 šu-si 14 1/2 ninda 2 kuš 8
8 šu-si 16 1/2 ninda 3 kuš 9
9 šu-si 18 1/2 ninda 4 kuš 10
1/3 kuš 20 1/2 ninda 5 kuš 11
1/2 kuš 30 1 ninda 12
2/3 kuš 40
1 kuš 1

Table 1.1 Metrological table of lengths (MS 3869/11)a

Obverse Reverse

1 šu-si 10 5 kuš 25
2 šu-si 20 1/2 ninda 30
3 šu-si 30 1/2 ninda 1 kuš 35
4 šu-si 40 1/2 ninda 2 kuš 40
5 šu-si 50 1/2 ninda 3 kuš 45
6 šu-si 1 1/2 ninda 4 kuš 50
7 šu-si 1:10 1/2 ninda 5 kuš 55
8 šu-si 1:20 1 ninda 1
9 šu-si 1:30 1 1/2 ninda 1:30
1/3 kuš 1:40 2 ninda 2
1/2 kuš 2:30 2 1/2 ninda 2:30
2/3 kuš 3:20 3 ninda 3
1 kuš 5 3 1/2 ninda 3:30
1 1/3 kuš 6:40 4 ninda 4
1 1/2 kuš 7:30 4 1/2 ninda 4:30
1 2/3 kuš 8:20 5 ninda 5
2 kuš 10
3 kuš 15
4 kuš 20

aThe length unit šu-si (a finger) represents about 1.6 cm; the unit kuš 
(a cubit) is 30 šu-si, and the unit ninda is 12 kuš (see synthesis in 
Appendix A)
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The metrological tables of weights establish a correspondence between weight mea-
surements and numbers in SPVN. The following tablet contains a section for small 
values, which could be used also for surfaces and volume (Table 1.3).9

9 Tablet MS 2186 of the Schøyen Collection (Friberg, 2007, p. 110) is of unknown provenience, 
probably from Southern Mesopotamia. The photo is available online (https://cdli.ucla.edu/
P250902). About the use of the section for small values of tables of weights as tables of surfaces 
and volume, see Proust (Forthcoming-b).

Table 1.3 Metrological table of weights, surfaces, and volumes, MS 2186

Obverse Reverse

1/2 še silver 10 27 še 9
1 še 20 28 še 9:20
1 1/2 še 30 29 še 9:40
2 še 40 1/6 gin 10
2 1/2 še 50 1/6 gin 10 še 13:20
3 še 1 1/4 gin 15
4 še 1:20 1/4 gin 5 še 16:40
5 še 1:40 1/3 gin 20
6 še 2 1/3 gin 15 še 25
7 še 2:20 1/2 gin 30
8 še 2:40 1/2 gin 15 še 35
9 še 3 2/3 gin 40
10 še 3:20 2/3 gin 15 še 45
11 še 3:40 5/6 gin 50
12 še 4 5/6 gin 15 še 55
13 še 4:20 1 gin 1
14 še 4:40
15 še 5
16 še 5:20
17 še 5:40
18 še 6
19 še 6:20
20 še 6:40
21 še 7
22 še 7:20
23 še 7:40
24 še 8
25 še 8:20
26 še 8:40

C. Proust
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 A Multiplication Table

A multiplication table (HS 217a)10 provides an excellent example to explain the 
sexagesimal place-value notation (Table 1.4).

In the left-hand column of the table (see photo https://cdli.ucla.edu/P254585), 
we see one wedge, two wedges, and so on, nine wedges, one chevron, which repre-
sents ten wedges, and so on. The wedge represents the number one, and the chevron 
represents the number ten. So we recognize the sequence of numbers 1, 2, and so on, 
10, 11, and so on, 19, 20, 30, 40, and 50 (converted into the modern decimal sys-
tem). In the right-hand column, in front of 1 we read nine wedges, that is, the num-
ber 9, in front of 2, one chevron and eight wedges, that is, the number 18, in front of 
3, the number 27, and so on. We recognize the multiplication table by 9. In front of 
7, we expect 63, but we see one wedge, a space, and three wedges. It means that the 
“sixty” of “sixty-three” is represented by a wedge in the left position. We under-
stand that the notation uses the base 60 and a place-value principle, exactly in the 
same way as we represent 63 s, that is, 1 min 3 s by the number 1:3. This is the so- 
called “sexagesimal place-value notation.”

Let us continue the reading until the entry 20, which exhibits a feature of consid-
erable importance in the following. In front of 20, we expect 20 times 9, that is, 180, 
that is, 3 times 60. Indeed, we see three wedges. But the notation on the clay does 
not indicate that these wedges represent sixties, and not units. The “3” in front of 20 
is the same as the “3” in the third line. We see that the cuneiform sexagesimal place- 
value notation does not indicate the position of the units in the number. 1, 60, 1/60 
are noted in the same way. The notation is “floating.” The fact that numbers in 

10 Tablet HS 217a from Nippur is now kept at the University of Jena and was published in (Hilprecht 
1906; Proust 2008); photo at https://cdli.ucla.edu/P254585

Table 1.4 Multiplication table HS 217a

Obverse Reverse

1 9 15 2:15
2 18 16 2:24
3 27 17 2:33
4 36 18 2:42
5 45 19 2:51
6 54 20 3
7 1:3 30 4:30
8 1:12 40 6
9 1:21 50 7:30
10 1:30 8:20 times 1 8:20
11 1:39
12 1:48
13 1:57
14 2:6
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SPVN do not convey absolute quantitative information is one of the most remark-
able aspects of school mathematics, even if quite puzzling for a modern observer.

To sum up, the numerical system adopted in this table, as well as in all the 
numerical tables produced in a school context, is:

 – Sexagesimal
 – Place-valued
 – Floating

The following section shows how all these three properties, including the third, 
“floating,” play an essential role in the arithmetic developed in scribal schools.

 A Table of Reciprocal (ERM 14645)

The first of the numerical tables that was learnt in scribal schools was the table of 
reciprocals.

Tablet ERM 14645 is an example similar to many others found in Nippur and 
elsewhere (Table 1.5).11

This table states that:

The reciprocal of 2 is 30.
The reciprocal of 3 is 20, etc.

11 Tablet ERM 14645 is kept at the Hermitage Museum, St Petersburg (Friberg and Al-Rawi 2017, 
Sect. 3.5). Photo https://cdli.ucla.edu/P211991

Table 1.5 Table of reciprocal ERM 14645

Obverse Reverse

The reciprocal of 2 is 30 Reciprocal of 27 2:13:20
Reciprocal of 3 20 Reciprocal of 30 2
Reciprocal of 4 15 Reciprocal of 32 1:52:30
Reciprocal of 5 12 Reciprocal of 36 1:40
Reciprocal of 6 10 Reciprocal of 40 1:30
Reciprocal of 8 7:30 Reciprocal of 45 1:20
Reciprocal of 9 6:40 Reciprocal of 48 1:15
Reciprocal of 10 6 Reciprocal of 50 1:12
Reciprocal of 12 5 Reciprocal of 1:4 56:15
Reciprocal of 15 4 Reciprocal of 1:21 44:26:40
Reciprocal of 16 3:45
Reciprocal of 18 3:20
Reciprocal of 20 3
Reciprocal of 24 2:30
Reciprocal of 25 2:24

C. Proust
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Indeed, 2 times 30 is 60, that is 1 in floating notation; 3 times 20 is 60, that is 1, 
and so on. Entry 7 does not appear in the table because the reciprocal of 7 cannot be 
written with a finite number of digits in base 60. In modern terms, numbers which 
have finite reciprocals in a given base are said “regular” in this base, the other 
“irregular.” In cuneiform texts, irregular numbers in base 60 appear as “igi nu,” 
which means in Sumerian “no reciprocal” (“igi” means reciprocal, and “nu” is the 
negation).

The reciprocal is a fundamental notion in cuneiform mathematics because of the 
way in which the divisions are performed. Indeed, division of a number a by a regu-
lar number b is a sequence of two operations: finding the reciprocal of b, and multi-
plying it by a.

2.2  Intermediate Level

The written traces of the intermediate level of education are much less uniform and 
standardized than that of the elementary level. The intermediate level exercises in 
Nippur are diverse, but deal with few topics, the most attested being the computa-
tion of reciprocals, the evaluation of the surface of squares, and small linear prob-
lems. The examples detailed below, the first on reciprocal and the second on surface, 
show how intermediate level exercises are based on tables learnt in the elementary 
level.

 An Extraction of Reciprocals

For example, the tablet translated below contains a typical example of extraction of 
a reciprocal.12 Many school exercises of similar content, generally written on small 
round or square tablets, have been found in Nippur and elsewhere.

Ist Ni 10241
Obverse
  4:26:40
  Its reciprocal is 13:30
Reverse
  4:26:40   9
  40 1:30

13:30

On the obverse, we read 4:26:40, its reciprocal 13:30. On the reverse, the algorithm 
used to extract the reciprocal is displayed. We can observe that the operations that 

12 Tablet Ist Ni 10241 from Nippur is now kept at the Archaeological Museums of Istanbul (Proust 
2007); photo https://cdli.ucla.edu/P368962
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produce this sequence of numbers are only multiplications and extractions of 
reciprocals13:

 – The reciprocal of 6:40 is 9 (obtained using the reciprocal table)
4:26:40 × 9 gives 40 (obtained using the multiplication table by 9)

 – The reciprocal of 40 is 1:30 (obtained using the reciprocal table)
1:30 × 9 gives 13:30 (obtained using the multiplication table by 9)

The algorithm can be summarized in modern terms as follows:

 – 4:26:40 is decomposed into the product 6:40 × 40.

Thus the reciprocal of 4:26:40 is the product of the reciprocals of these factors, 
1:30 × 9, that is, 13:30.

The algorithm is based on the factorization of the number the reciprocal of which is 
to be sought, and on the rule “the reciprocal of a product of factors is the product of 
the reciprocals of these factors.” The mathematical world in which the algorithm 
works is that of numbers in SPVN on which multiplication and extraction of recip-
rocals are carried out. These operations do not require the determination of the place 
of units in numbers. Floating numbers are particularly well adapted to this multipli-
cative world.

 The Calculation of the Surface of a Square

The young scribes had to navigate between two different types of entities, numbers 
in SPVN, and measurement values. A dozen exercises of similar content and layout 
devoted to the calculation of the surface of a square found in Nippur shed lights on 
this navigation between numbers and quantities. All of these exercises have the 
same layout: on the top left we see three numbers in SPVN, on the bottom right we 
see a small problem text. One of these exercises, UM 29-15-192, is based on quite 
simple data, and shows the process well. The numbers noted on the top left corner 
are 20, 20, and their product 6:40.

20
20

6:40

The statement noted on the bottom right corner is:

2 šu-si the side of a square
How much is the surface?
Its surface is 1/3 še.

The relationship between the numbers written on the top left (20 and 6:40) and the 
length and surface measurements written on the bottom right (2 šu-si and 1/3 še) is 

13 Here and elsewhere in the chapter, the reader is invited to check the calculations using MesoCalc, 
the Mesopotamian calculator implemented by Baptiste Mélès at http://baptiste.meles.free.fr/site/
mesocalc.html
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exactly that established by the metrological tables: in a metrological table of lengths 
such as MS 3869/11 (see Table 1.1), the measurement value 2 šu-si corresponds to 
20, and in a metrological table of surfaces such as MS 2186, the measurement value 
1/3 še corresponds to 6:40 (actually, an extrapolation is necessary to reach this cor-
respondence, since the smallest entry on the table is ½ še). As we see, the two dif-
ferent types of entities are displayed on the tablet in two opposite corners, the corner 
for quantities (bottom right) and the corner for numbers in SPVN (top left), corre-
lated in metrological tables. Tablets of this kind invite us to consider the relation-
ships between numbers in SPVN and quantities as correspondences, and not as 
equalities.

The interpretation of this text by Neugebauer and Sachs, who published it, is 
grounded on the implicit assumption that the relationships between the measure-
ment values and the numbers in SPVN are equalities. For example the length mea-
surement 2 šu-si is considered to be equal to 20, and thus this latter number is 
understood as 0;0.20 ninda.

"The meaning of the marginal numbers is clear: (2 šu-si)2 = (0;0,20 GAR)2 = 0;0,0,6,40 
SAR” (Neugebauer and Sachs 1984, p. 248).14

A similar text was recently analyzed in the same manner by Robson (2008, p. 9), 
who translates the number “1:45” noted on the top left corner as “0;00 01 45”. 
Indeed, understanding the number “1:45” as equal to a measurement value, here a 
number of ninda, forces one to restore the order of magnitude.

With this simple example, we see how taking in consideration the notions incul-
cated in the elementary level, namely the nature of the correspondence between 
numbers in SPVN and quantities, leads to understandings (and translations) of num-
bers that are quite different. In the following sections, I show how these differences 
have important consequences on the interpretation of some scholarly mathematical 
texts.

2.3  Advanced Level

The mathematical texts reflecting advanced education are more difficult to recog-
nized because, unlike those of elementary and intermediate levels, the type of tab-
lets and genre of texts are not specific to this level. A text written in the context of 
advanced education is often hard to distinguish from a text of pure erudition. Most 
of the scholarly mathematical texts were probably produced in the context of scribal 
schools but, as schools were also centers of culture and erudition, mathematical 
texts were not necessarily designed only for teaching or learning.15 However, some 
texts can be interpreted with some reliability as syllabus of advanced mathematics. 

14 For Neugebauer and Sachs, “marginal numbers” means numbers noted on the top left; they note 
“GAR” the length unit ninda.
15 A detailed discussion of this issue is developed in Proust (2014).
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It is the case of a procedure text from Southern Mesopotamia, perhaps from the city 
of Larsa, which provides a list of solved problems exploring in a systematic way the 
methods for solving linear and quadratic problems. This text, YBC 4663, is com-
posed of eight problems dealing with the cost of digging a trench; the parameters 
are the dimensions of the trench, the daily work assignment, and the worker wag-
es.16 For example, the first problem runs as follows:

YBC 4663, problem 1

Obverse17

1. A trench. 5 ninda is its length, 1 1/2 ninda (is its width), 1/2 ninda is its depth, 10 
<gin > is the volume of the work assignment, 6 še [silver is the wage of the hired man].

2. The base, the volume, the (number) of workers and the silver are how much? You, in 
your procedure,

3. the length and the width cross, 7:30 it will give you.
4. 7:30 to its depth raise, 45 it will give you.
5. The reciprocal of the work assignment detach, 6 it will give you. To 45 raise, 4:30 it will 

give you.
6. 4:30 to the wage raise, 9 it will give you. Such is the procedure.

The first six problems are linear. Some of the parameters being known, the other 
parameters are asked for. The last two problems are quadratic: the length and 
width are to be found knowing their sum (or difference) and their product. In this 
text, as well as in others of the same genre (see Proust Forthcoming-a), some 
features are interesting for the present discussions. The data given in the state-
ments are measurement values, but the operations prescribed in the procedures 
are carried out on numbers in SPVN. The correspondence between the measure-
ment values given in the statements and the numbers in SPVN used in the proce-
dures is that established in metrological tables. Thus, the first step in the 
procedure (implicit here) is the same as in the exercise on the square explained 
above : transform the measurement values given by the statement into numbers 
in SPVN using metrological tables. In the first six problems, the operations are 
only multiplications and divisions carried out on numbers in SPVN. The arith-
metical world is the same as that of the elementary and intermediate levels, a 
world of numbers in SPVN on which only multiplications and divisions are per-
formed. In the last two problems, additions and subtractions of numbers in 
SPVN are introduced, which marks a break with the linear world the first six 
problems evolve in.

16 Tablet YBC 4663 is now kept at the Yale Babylonian Collection, Yale University. It was pub-
lished in Neugebauer and Sachs (1945). The elements of interpretation proposed here are detailed 
in Proust (Forthcoming-a).
17 My translation. The line numbers were added by the modern editors.
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2.4  Linear Paradigm

To sum up, the mathematical world of the elementary and intermediate levels of Old 
Babylonian schools is based on a duality between the domain of quantities, and the 
domain of numbers in SPVN. In the latter, the fundamental operations are the mul-
tiplication and the extraction of reciprocals. In the school mathematical world, 
quantities are deduced from each other by multiplication or division. One of the 
basic problems introduced in the early advanced mathematical education was to 
calculate the area of a rectangle knowing its length and width, and the reverse prob-
lems (examples and more details in Proust Forthcoming-a). In the same line, the 
first problem in procedure text YBC 4663 quoted above calculates a cost knowing 
the task to be performed, the work assignment per day per worker, and the daily 
wages. Other examples are found in advanced mathematics, such as calculate the 
value of silver in relation to the value of gold, or calculate a profit knowing the ben-
efit (Middeke-Conlin and Proust 2014). All intermediate level exercises and a 
majority of the scholarly mathematical texts illustrate this linear paradigm where 
quantities are deduced from each other by multiplication or division. The term used 
in later Akkadian texts to designate mathematics, igi-arê, which word for word 
means “reciprocal-multiplication,” could refer to this linear paradigm.

Addition and subtraction belong to the world of accounting documented in the 
numerous models of contracts found in school archives. In this world, the mathe-
matical entities are quantities, that is, measurement values or numbers of objects, 
animals, or people. The duality between quantities, on which additions and subtrac-
tions operate, and numbers in SPVN, on which multiplications and reciprocals 
operate, could be reflected by the use of different Sumerian terms to designate cal-
culation and accounting, respectively “šid” and “nikkas.” See for example the 
“Dialogue between two scribes” quoted above: “I am now an expert in […] calcula-
tion and in accounting.”

There is no place in this dual world for addition and subtraction of numbers in 
SPVN, since the addition and subtraction belong to the world of quantities, and 
numbers in SPVN do not. The introduction of addition and subtraction on num-
bers in SPVN is intimately related to the introduction of quadratic problems in 
the mathematical world, as shown, for example, in the procedure text YBC 4663 
(Sect. 2.3). The addition and subtraction of numbers in SPVN appear to be an 
audacious invention that emancipates the calculator from the rules of the linear 
paradigm. This invention raises serious problems since addition and subtraction 
require information on the relative position of numbers, while SPVN do not convey 
such information.18

The categories which seem relevant from the point of view of mathematical prac-
tices in Old Babylonian Southern Mesopotamia are different from those that were 
shaped in the historiography of modern or premodern mathematics. The relevant 
distinctions are not between integers and fractions, or between rational and irratio-

18 A discussion on this issue is proposed in Proust (2013).
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nal, for example. The relevant distinctions are between numbers used in quantifica-
tion, and numbers (in SPVN) used in multiplication, and among the latter, between 
regular and non-regular (igi nu) numbers. Problems are not classified according to 
their degree (first degree, second degree, or even higher degree), but rather accord-
ing to the nature of the operations involved in the procedures: on the one hand linear 
problems, involving only reciprocals, multiplications and other operations which 
derive from them (division, square roots), and on the other hand non-linear (mainly 
quadratic) problems, also involving additions and subtractions.

In Sects. 3 and 4, I discuss two scholarly texts in which factorization and coeffi-
cients, two methods typical of the linear paradigm, are implemented.

3  The Role of Factorization in Calculating Reciprocals

Extracting a reciprocal was one of the basic techniques taught in the intermediate 
level of education in Nippur and elsewhere, as explained in Sect. 2.2. This technique 
is developed in a systematic way in CBS 1215, a tablet dated to the Old Babylonian 
period and of unknown provenience.19 The text, which contains only numbers, is 
divided into six columns, three on the obverse and three on the reverse (right to left). 
The columns are divided into 21 boxes. The first entry is 2:5, the second 4:10, the 
double of 2:5, the third 8:20, the double of 4:10, and so on. In each box, the entry is 
the double of the previous one. Thus, the last entry, in the 21st box, is 2:5 times 220 
(10:6:48:53:20). In each box, the text is divided into 3 sub-columns (left, center, 
right), and the input of the calculations is identical to the output. For example, the 
text in the first box runs as follows:

2:5 12
25 2:24
28:48 1:15
36 1:40

2:5

The numerical relationships are similar to those observed previously on tablet Ist Ni 
10241:

 – The reciprocal of 5 is 12 (obtained using a reciprocal table.
 – 12 times 2:5 gives 25 (obtained using a multiplication table by 12).
 – The reciprocal of 25 is 2:24 (obtained using a reciprocal table).
 – 2:24 times 12 gives 28:48 (obtained using a multiplication table by 12).
 – 28:48 is the reciprocal of 2:5, the entry.

19 CBS 1215 is now kept at the Museum of Archaeology and Anthropology, University of 
Pennsylvania, Philadelphia. It was published by Abraham Sachs (1947), who was the first historian 
to understand this puzzling numerical text. A detailed analysis is proposed in Proust (2012b). 
Photo: https://cdli.ucla.edu/P254479
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As in tablet Ist Ni 10241, the operations are reciprocals and multiplications, which 
are carried out on numbers in SPVN. The algorithm is based on breaking down the 
entry, here 2:5, into two factors, here 5 and 25. The reciprocal sought, 28:48, is the 
product of the reciprocal of the factors. Each time a factor is detected, its reciprocal 
is marked in the right sub-column, which helps to execute and control the algorithm. 
However, unlike in Ist Ni 10241, the calculation does not stop when the reciprocal 
of the entry is found. It continues by applying the same process again:

 – The reciprocal of 48 is 1:15.
 – 28:48 is broken down into its factors 48 and 36.
 – The reciprocals of 48 and 36 are 1:15 and 1:40, marked on the right.
 – The product of the reciprocals, 1:15 × 1:40, gives 2:5.

As previously, this sequence of operations provides the reciprocal of 28:48, that is 
2:5, the entry in the first section. To sum up, the algorithm in the first section is 
decomposed into two sequences:

 – A direct sequence: the reciprocal of the entry 2:5 is calculated, it provides 28:48.
 – A reverse sequence: the reciprocal of 28:48 is calculated, it provides the entry 

2:5.

The algorithm is based on the decomposition into factors of the number the recipro-
cal of which is sought, and the main issue, for the practitioner, was to identify these 
factors. The first factor can be detected in the trailing part (the last digits of the 
entry),20 and the second factor is obtained by dividing the entry by the first factor.

The entry in the eighth section of CBS 1215 is 4:26:40, the same as in the school 
exercise Ist Ni 10241, and the direct sequence in this section is similar to the school 
exercise:

 – The trailing part of 4:26:40 is 6:40, the reciprocal of 6:40 is 9.
 – 4:26:40 is broken down into the factors 6:40 and 40.
 – The reciprocals of 6:40 and 40 are 9 and 1:30, marked on the right.
 – The product of the reciprocals, 9 × 1:30, gives 13:30, the reciprocal of the entry.

The reverse sequence produces the entry:

 – The trailing part of 13:30 is 30, the reciprocal of 30 is 2.
 – 13:30 is broken down into the factors 30 and 27.
 – The reciprocals of 30 and 27 are 2 and 2:13:20, marked on the right.
 – The product of the reciprocals, 2 × 2:13:20, gives 4:26:40, the entry.

We see the same calculation that appears in the school exercise Ist Ni 10241, but 
with some differences. Indeed, in the school exercise, there are no clear vertical 
alignments; here, three sub-columns are formed, which, as noted above, facilitate 
the execution of the algorithm. In the school exercise, only the reciprocal is asked 

20 The term “trailing part” was coined by Friberg to designate the last digits of a sexagesimal 
number.
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for, and only the direct sequence is noted; here, we see the direct and the reverse 
sequences, so that the first and the last number in the section are the same. Section 
8 is not the only one to be attested on a school tablet; many other known school 
tablets from Nippur, Ur, Mari, and other places contain calculations of the same 
genre. All of these school exercises reproduce more or less the direct sequence of 
sections of CBS 1215. Despite their similarities, the functions of the school exer-
cises and CBS 1215 seem to have been different. I come back to this issue below.

The final sections of CBS 1215 show another feature. For example, section 20 
runs as follows:

5:3:24:26:40 [9]
45:30:40 1:30
1:8:16 3:45
4:16 3:45
16 3:45

14:3:45
5[2:44]:3:45
1:19:6:5:37:30

11:51:54:50:37:30 2
23:43:49:41:15 16
25:18:45 16
6:45 1:20
9 6:[40]

8:53:20
2:22:13:20
37:55:33:20
2:31:42:13:20
5:3:24:26:40  

The entry is 5:3:24:26:40, that is 2:5 after 19 doublings. The trailing part is 6:40, 
reciprocal 9. The entry divided by 6:40, that is, multiplied by 9, is 45:30:40. This 
second factor does not belong to the table of reciprocals (it is not an elementary 
regular number), thus its reciprocal is unknown for the practitioner. The process is 
then iterated: the trailing part of 45:30:40 is 40, reciprocal 1:30. The number 
45:30:40 is divided by 40, that is, multiplied by 1:30, which produces 1:8:16. This 
number is not an elementary regular number, the process is iterated again. The trail-
ing part of 1:8:16 is 16, reciprocal 3:45. The number 1:8:16 is divided by 16, that is, 
multiplied by its reciprocal 3:45, which produces 4:16. Once more this number is 
not an elementary regular number, the process is iterated, which produces 16, an 
elementary regular number. As, at each step, the reciprocal of the trailing part has 
been marked on the right, the calculator has just to multiply the numbers which 
form the right sub-column. These multiplications form a central sub-column. The 
final result is 11:51:54:50:37:30, the reciprocal of the entry. The reverse sequence is 
similar.

This calculation shows how the algorithm can be iterated. Iterations appear in the 
text from section 11 onward. The iterations are facilitated by the layout of the algo-
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rithm. In the examples we have seen, the factors are numbers which appear in the 
reciprocal table, that is, elementary regular numbers. The decomposition into ele-
mentary regular factors is not unique, as several different regular trailing parts could 
be chosen as divisor. Hence the question: how was the trailing part selected? We 
observe that in the direct sequence, the trailing part is the largest elementary regular 
number. There is only one way to implement the algorithm. In modern terms, such 
decomposition is unique. However in the reverse sequence, there is not apparent 
rule for selecting the trailing part. It seems that several ways of implementing the 
algorithm are left open. It is perhaps meaningful to observe that only the direct 
sequences are attested in school texts: the algorithm is taught as unique. But the 
work on the algorithm in CBS 1215 suggests that their author(s) were aware of the 
fact that the algorithm could be implemented in several ways.

Furthermore, we have seen that the reverse sequence produces the entry, and 
thus, its result is known in advance. The series of entries appear as a paradigmatic 
set of values chosen in order to work on the algorithm itself, not to produce any new 
result. The reverse sequence appears then to play an essential role, that of verifica-
tion of the algorithm. The purpose of this text seems to be the validation of the 
algorithm (choice of the entries, reverse algorithm), while the purpose of the school 
exercises is training in the implementation of the algorithm. The text also underlines 
the fact that the algorithm can be implemented in several ways, despite the fact that 
it is taught as unique in scribal schools. It seems to me that this text is not (or not 
only) a sourcebook which provides school exercises, but a systematic elaboration 
developed by masters or scholars in order to firmly validate an algorithm, the factor-
ization, routinely used in elementary education and in advanced mathematics.

As in the case of the interpretation of UM 29-15-192 on the surface of a square, 
the understanding of the nature of numbers has an important impact on the interpre-
tation of the text. For Abraham Sachs, the extraction of the reciprocal is based on a 
decomposition of the entry into sum, and not into product.21 He represents the algo-
rithm by the following algebraic formula (the number c, the reciprocal of which is 
to be extracted, is decomposed in sum a + b; the reciprocal of a number n is noted 
n ; Fig. 1.1):

Moreover, as Sachs considers the numbers as representing quantities, he restores 
the orders of magnitude with plenty of zeros, which makes the process quite cum-
bersome (see Fig. 1.2).

21 This interpretation originates in a tablet, probably of later date, VAT 6505, which explains the 
algorithm for some of the entries found in CBS 1215. The procedure includes an addition. In my 
view, this addition reflects an incursion into the multiplication algorithm, and is not a step in the 
procedure (more discussion in Proust 2012a).

Fig. 1.1 Extract from 
Sachs (1947, p. 222)

1 Foundations of Mathematics Buried in School Garbage 

gert.schubring@uni-bielefeld.de



18

4  The Role of Coefficients in Problems of Volumes

Nippur has provided archeologists with hundreds of school mathematical texts and 
has been by far the most prolific, among the sites of the ancient Near East, for 
school texts. However, very few procedure texts reflecting scholarly activities have 
been found in Nippur. This contrast may appear as quite surprising and may have 
several explanations, such as circulation of tablets during travels by scribes, chance 
in the excavation sites, or illegal activities of dealers. The three scholarly tablets 
found in Nippur, CBS 11681, CBS 19761 + Ni 5175, and CBS 12648, deal with 
volumes and the procedures they contain involve only multiplications and divi-
sions.22 Tablet CBS 11681 offers a calculation of the volume of a rectangular prism 
from its sides (length, width, and height) and a reverse problem, find the unknown 
side of a prism knowing its volume and two of its sides. Tablet CBS 19761 + Ni 
5175 contains problems dealing with the volume of a pile of bricks.

In the following, I focus on CBS 12648, which illustrates interestingly one of the 
key tools used in the linear world, the coefficients. While the two other scholarly 
texts from Nippur (CBS 11681 and CBS 19761 + Ni 5175) are written in Akkadian, 
CBS 12648 is written in Sumerian and bears witness to the very beginning of the 
Old Babylonian mathematical traditions. Only the lower left part of a large multi- 
column tablet has come down to us. It contains several problems, only one being 
well preserved. Friberg (2001, pp. 149–150) was the first historian to decrypt the 
procedure “vaguely described in the text” (ibid., p. 150).

The preserved problem provides the volume of a rectangular prism and the ratios 
between its sides, asks for the sides of the prism, and gives the procedure in quite 
concise terms. It runs as follows:

Obverse, column i
Problem 2

 5. 2 še 1/12 the volume
 6. 2/3 of the length, it is the width;
 7. The half of the width, it is

22 For a complete study and bibliography, see Proust (2007), a.

Fig. 1.2 Extract from 
Sachs (1947, p. 240)
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  8. the depth.
 9. Its length, its width
 10. and its depth, how much?
11. The length, the width,
12. and the depth,
13. cross, then
14. its reciprocal detach,
15. to its volume raise.
16. The equal side (cubic root) of
17. 15:37:30
18. Is to be extracted.
19. The equal side of 15:37:30

 <is 2:30>

The procedure may appear quite mysterious at first sight because the results of the 
different operations which are prescribed are not specified. For example, in lines 
11–13, it is prescribed to multiply the length, the width, and the depth, but the result 
of these operations does not appear explicitly. However, beyond the unusual style, 
the method used is characteristic of the mathematics of this period: it consists of 
transforming a problem by applying a multiplying factor so as to produce a standard 
problem whose resolution procedure is known.

The problem is the following: the volume (implicitly of a rectangular prism) is 2 
1/12 še (which represents about 60 dm3). The sides of the prism are unknown, but 
their ratios are given: the width is two-third of the length, and the depth is half of the 
width. The sides of the prism are asked for. The method consists in considering 
another prism of same shape as the actual prism, calculating the ratio between this 
reference prism and the actual prism (the volume of which is 2 1/12 še), and deduc-
ing the sides of the actual prism.

The sole intermediate result specified in the procedure is 15:37:30, the coeffi-
cient expressing the ratio between the reference prism and the actual prism. Finding 
this coefficient thus appears to be pivotal to the procedure. This number is written 
in SPVN, which reflects a general feature of Old Babylonian mathematical texts: all 
the operations prescribed in the procedures are carried out on numbers in SPVN and 
produce numbers in SPVN.

With these remarks in mind, the procedure can be reconstructed in detail despite 
its terse style (see synthesis in Table 1.6). The dimensions of the reference prism 
which is introduced in lines 11–14 are 1 ninda length, 2/3 ninda width (2/3 of the 
length), and 1/3 ninda depth (1/2 of 2/3 of the length). As the procedure applies to 
numbers in SPVN, these measurement values must be transformed into numbers in 
SPVN. As in other texts from the same period, these correspondences would have 
been provided by metrological tables:

The length 1 ninda corresponds to 1 according to metrological tables of length (see 
Table 1.1).

The width 2/3 ninda corresponds to 40 according to metrological tables of length 
(see Table 1.1).

The depth 1/3 ninda corresponds to 4 according to metrological tables of heights 
(see Table 1.2).
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The operation prescribed in lines 11–13 is the multiplication of the three numbers 
in SPVN corresponding to the length, the width, and the depth:

 1 × 40 × 4 gives 2:40.

Note that these operations are prescribed indirectly by a geometrical manipulation, 
to “cross” the length, the width, and the depth. This produces the reference 
volume.

The coefficient, that is the ratio of the actual volume to the reference volume, is 
calculated in lines 14–15 by multiplying the former by the reciprocal of the latter. 
First the reciprocal of 2:40, the reference volume, is calculated, giving 22:30. The 
actual volume is the number in SPVN which corresponds to 2 še 1/12 in the metro-
logical table for volumes, 41:40. Indeed, in such tables, for example MS 2186 (see 
Sect. 2.1.1, Table 1.3), 2 še corresponds to 40, and 1/12 še corresponds to 1:40, thus 
the measurement 2 še and 1/12 še corresponds to 41:40.23 The coefficient of the 
volumes is 22:30 × 41:40, which gives 15:37:30. As noted above, this coefficient is 
the only intermediate result given in the procedure. The ratio of the actual volume 
to the reference volume being 15:37:30, the ratio of the sides of the actual prism to 
the sides of the reference prism is the cube root of 15:37:30 that is 2:30.

The sides of the actual prism can be calculated by multiplying the sides of the 
reference prism by the coefficient 2:30. However, the preserved part of the text ends 
by indicating that the cube root of 15:37:30 is to be calculated, but provides neither 
this cube root, nor the dimensions of the sides. The final steps were either omitted, 

23 The first entry in the table is 1/2 še; the entry 1/12 še is not attested but the corresponding number 
in SPVN is easily obtained by dividing 20 (which corresponds to 1 še) by 12.

Table 1.6 Operations in problem 2 of CBS 12648 (in bold: data and results which appear explicitly 
in the text)

Lines Text Operations

5 2 še 1/12 the volume 2 še 1/12 → 41:40
6–8 2/3 of the length, it is the width The half of the 

width, it is the depth.
1 ninda → 1
2/3 ninda → 40
1/3 ninda → 4

11–13 The length, the width, and the depth, cross 1 × 40 × 4 gives 2:40
14–15 Its reciprocal detach, to its volume raise Recip(2:40) is 22:30

22:30 × 41:40 gives 15:37:30
16–19 The equal side (cubic root) of 15:37:30 is to be 

extracted. The equal side of 15:37:30 < is 2:30>
The cubic root of 15:37:30 is 2:30

1 × 2:30 gives 2:30
40 × 2:30 gives 1:40
4 × 2:30 gives 10
Length: 2:30 → ½ kuš
Width: 1:40 → 1/3 kuš
Depth: 10 → 5 šu-si
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or were written in the first lines of column ii, which is broken. I reconstruct these 
calculations below because the final result gives interesting information. The sides 
of the actual prism are obtained as follows:

Length: 1 × 2:30 is 2:30.
Width: 40 × 2:30 is 1:40.
Depth: 4 × 2:30 is 10.

The measurement values these dimensions correspond to are provided by the met-
rological tables (Table 1.6):

Length: 2:30 corresponds to 1/2 kuš (metrological table of lengths, see Table 1.1).
Width: 1:40 corresponds to 1/3 kuš (same table).
Depth: 10 corresponds to 5 šu-si (metrological table of heights, see Table 1.2).

The dimensions of the prism sought, ½ kuš length, 1/3 kuš width, and 5 šu-si 
height are that of a special brick considered as a unit of volume in several Old 
Babylonian mathematical texts. For example, this brick is described in a mathemati-
cal tablet from Southern Mesopotamia, YBC 4607.24 The first section runs as 
follows:

A brick. 1/2 kuš its length,
1/3 kuš its width, 5 šu-si its height.
Its base, its volume and its equivalent capacity how much?
12 še and one-half a še its base, 2 še and one-12th še its volume,
3 1/3 sila 8 1/3 gin its equivalent capacity.

The fact that the dimensions chosen for the prism in our problem is that of a stan-
dard brick can hardly be considered as being made by chance. It reflects the circula-
tion of mathematical practices and ideas in Southern cities of the time. This shared 
mathematical culture related to the quantification of space played a central role in 
mathematics in Old Babylonian Southern Mesopotamia (Proust Forthcoming-b). 
Perhaps more importantly for the present discussion, the data chosen for this prob-
lem show that the result of the procedure was known in advance. Constructing prob-
lems “backwards from the known solution” (Høyrup 2002, p.  221) is a general 
phenomenon in Old Babylonian mathematics; we already observed it in CBS 1215. 
It appears that our text CBS 12648 was not intended to produce unknown or new 
results, but to implement a method, that of the use of a coefficient.

Two other scholarly texts from Nippur also deal with volumes and rely on a com-
parison of a prism of unknown dimensions with a reference prism. This method of 
comparison with a reference solid was thought by Friberg to be a method of “false 
position” (Friberg 2001, p. 150). However, there is no technical term in these texts 
such as “false volume” and “true volume.”25 While from a modern point of view, there 
is no fundamental difference between the “false position” method and the use of 

24 This tablet, now kept at the Yale Babylonian Collection, was published by Neugebauer and Sachs 
(1945). For an updated study and bibliography, see Proust (Forthcoming-b).
25 Such terms are attested in other mathematical texts. See for example Str. 368 (Thureau-Dangin 
1938, p. 91–92); VAT 8391 #3 (Høyrup 2002, p. 83) the terms « truth » (gi-na = kînum) length and 
« false » (lul = sarrum) length. See a synthesis in Høyrup (2002, p. 100–101).
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 coefficients, as both consist in the same sequence of operations, it seems to me impor-
tant to distinguish methods that were considered as different by the ancient actors.

The calculation itself consists only in multiplications and extractions of recipro-
cals carried out on numbers in floating SPVN. As before (Sect. 3), the problem is 
solved in the multiplicative world. No order of magnitude, no measurement unit 
appears in the procedure, which makes the calculation very simple, terse, and effi-
cient. These features are destroyed by the restoration of units and orders of magni-
tude in interpretations, such as that of Friberg (2001, p. 150):

The ratio between the true and the false volume is
3;28,20 □ n. ∙ n. ∙ 9/2 = 10;25 □ n. ∙ n. ∙ 3/2 = 15;37,30 □ n. ∙ n.
[Note of the present author: the notation “□ n. ∙ n.” represents a square of 1 ninda-side]

5  Conclusion: The Linear Paradigm and How to Get 
Out of It

The two examples given in Sects. 3 and 4 are emblematic of the linear paradigm, the 
world of igi-arê in which future scribes who attended scribal schools were educated 
and in which powerful algorithms were developed. Section 3 shows how the extrac-
tions of reciprocals are based on a method of factorization. This method was also 
used in other multiplicative contexts, for example for extracting square and cube 
roots (Proust 2012b), or for reducing rectangles in the famous tablet Plimpton 322 
(Britton et al. 2011). Section 4 shows the role of coefficients in volume problems. 
Many other examples of the use of coefficients in solving quadratic or cubic prob-
lems can be found in Old Babylonian mathematical texts, as shown by Høyrup, who 
describes how “scaling and change of variable are procedures that allow the reduc-
tion of complex equations to simple standard cases” (Høyrup 2002, p. 100). The use 
of coefficients was a basic tool in administrative and economic transactions (Robson 
1999). Standard coefficients allowed the use of metrological tables for a wide range 
of situations (Proust Forthcoming-b). However, the scholarly mathematical texts 
show how masters in scribal schools emancipated themselves from the linear para-
digm in order to solve new classes of problems, and primarily quadratic problems 
(Høyrup 2002). A pedagogical list of problems such as YBC 4663 shows how the 
addition and subtraction of numbers in SPVN were introduced in the context of 
quadratic problems (Sect. 2.3).

It must be underlined that the scenario described in this chapter, the mathemati-
cal work in the linear paradigm and the efforts to break free from it, is based on 
sources from Southern Mesopotamia and dated to the first part of the Old Babylonian 
period, that is, before the destruction of Southern cities around the mid-seventeenth 
century. Different scenarios could be described from other mathematical sources, 
such as that of central Mesopotamia after the collapse of South and the emigration 
of scholars from Southern cities (Larsa, Nippur, Ur, or Uruk) to Kish or Sippar, or 
sources from the Old Babylonian city of Susa in Western Iran.
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To fully perceive the extent of the inventiveness of scholars who gravitated 
around the scribal schools of the early Old Babylonian Southern Mesopotamia, it 
seems to me important to be aware of the prevalence of the linear paradigm. This 
mathematical context makes the introduction of addition and subtraction of num-
bers in SPVN even more remarkable in a world where these operations made no 
sense. This mathematical work goes unnoticed in an arithmetic world based on the 
four operations that we are familiar with. Its innovative and daring character is dis-
cernible only if considered from the point of view of a mind imbued with the linear 
paradigm.

Acknowledgements I thank the people of La Filature du Mazel (Valleraugue, France) who 
offered me a wonderful co-working space to write this chapter.

 Appendix

The diagrams below represent the metrological systems and correspondences with 
SPVN according to Old Babylonian sources from Nippur. The arrows represent the 
factors between different units (e.g., gin ←180− še means 1 gin is equal to 180 še); 
the numbers below the units are the numbers in SPVN that correspond to these units 
in the metrological tables (e.g., 20 below še means that 1 še corresponds to 20 in 
metrological tables).

Length and other horizontal dimensions (1 ninda represents about 6 m)

 ninda ←12− kuš ←30− šu-si
 1 5 10

Heights and other vertical dimensions (1 ninda represents about 6 m)

 ninda ←12− kuš ←30− šu-si
 5 1 2

Surface and volume (a surface of 1 sar is that of a square of 1 ninda-side; a volume 
of 1 sar is that of a rectangular cuboid of 1 sar-base and 1 kuš-high)

 gan ←100− sar ←60− gin ←180− še
 1:40 1 1 20

Weight (1 mana represents about 500 g)

 mana ←60− gin ←180− še
 1 1 20
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